
SHES 2402 ADAPTIVE SYSTEMS

WEEK 10: CHAOS THEORY

PRELIMINARIES

• It is often supposed that deterministic systems are completely predictable. For exam-
ple, planetary motions are understood under this framework, thus allowing the pre-
diction of astronomical events accurately. Furthermore, space exploration programmes
(sending out unmanned shuttles to explore the solar system) would not have worked if
the trajectories of the planets are not predictable.

• Therefore, it comes as a complete surprise when researchers discover that deterministic
systems can display remarkable sensitivity to initial conditions of the parameters in
the system. The latter is sometimes called the Butterfly effect.

• This dependence of the outcome of deterministic system, based on initial conditions, is
known as chaos. Many natural phenomena that are usually described using stochastic
(probabilistic) models due to their unpredictability, may turn out to be deterministic
systems that exhibit chaotic behaviour.

CHAOS IN POPULATION DYNAMICS

• An example of chaos in ecology is the Ricker model, which is a discrete generation
population model that describes the expected number of individuals in the t + 1th
generation (at+1) as a function of the expeceted number of individuals in the previous
generation. Mathematically, we have

at+1 = at exp
{
r
(
1− at

k

)}
,

where r and k are parameters of the model that describe the intrinsic growth rate of a
species, and the carrying capacity of the environment, respectively.

• The dynamics of the Ricker model depends importantly on the parameter r. For
0 < r < 2, the population size will stabilise in the long run, but note the damping
oscillation that occurs when r is close to 2, say 1.9. For values of r between 2 or 3,
say 2.5, the model exhibits limit cycles. For r > 3, the model behaves as though the
underlying process is random.
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Figure 1. Dynamics of the Ricker model with initial population size 10, k = 200, and four different

values of r.

• This observation has important repercussions when we try to predict the population
dynamics of some organisms using the Ricker model. For example, consider data
collected by Barlow, Moller and Beggs (1996) on the wasp Vespula vulgaris, in the
form of nests per hectare (a proxy for population size) from 1988 to 1992 at a site in
New Zealand.

8.6, 31.1, 7.0, 11.7, 10.2

We can estimate the biologically meaningful parameters r and k from the data using
the linear model

log

(
xn+1

xn

)
= r − r

k
xn.

Using the given data, we have

n xn log
(

xn+1

xn

)
1 8.6 1.285
2 31.1 -1.491
3 7.0 0.5137
4 11.7 -0.1372

We can use least squares estimation to obtain the parameter estimates. From the slope
and intercept estimates we obtain

r̂ = 1.44; k̂ = 15.
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If we assume that the error in the linear model follows a normal distribution, we can
estimate the standard error of these estimates. The 95% confidence interval of r is
given by [0.37, 2.5]; while the approximate 95% confidence interval of k is [9.2, 41.1].

• Based on the Ricker model, we might predict that the wasp population will stabilise
at about 15 nests per hectare, since r̂ < 2. However, since values of r̂ > 2 appear in
the 95% CI of r, it is also possible that the wasps population will exhibit oscillating
dynamics - exceeding the carrying capacity in a year followed by a crash in the next
year.

• The dependence of the Ricker model on r and the inherent uncertainty associated with
statistical estimation of r means that predicting population dynamics in the long term
(extrapolation from the model) is problematic, particularly when data are scarce.

• For further readings about the application of chaos theory in ecology, see Hastings et
al. (1993).
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SHES 2402 ADAPTIVE SYSTEMS

WEEK 10: FRACTALS (PART 1)

PRELIMINARIES

• We are used to the a type of geometry common to daily life, known as Euclidean
geometry. The latter describes objects that have measurable quantities such as the
length of a thin line, the area of a square, and the volume of a cube, which have
physical meaning. In principle, a Euclidean object may have K dimensions, although
only those with K = 1, 2, 3 can be observed physically.

• Euclidean objects have nice mathematical properties. We can quantify things like the
distance between two points, area or volume of a Euclidean object with ease. For
example, a cube with base length 1 cm has area equal to 6 cm2 and volume equal to 1
cm3. Its perimeter is also easy to find (12 cm).

• The dimension of a geometrical object is an important characterisation of the com-
plexity of this object. A general measure of dimension is given by

N = rD,

where N is the number of similar units in the object, r is the linear reduction factor,
and D is the dimension. For example, A cube can be constructed by dividing a line of
length 1 to 3 parts (r = 3), and then replicating these parts to 2 and then 3 dimensions.
Clearly, for a cube we have 33 = 27 units.

• The preceding definition of dimension implies that

D =
logN

log r
.

This general measure of dimension is called the Hausdorff measure. It can be shown
that D is an integer for all Euclidean objects. However, it is also clear that D need
not be an integer. If we have a non-integer D, what kind of geometrical objects does
it describe?

COMPLEXITY FROM SIMPLE RULES ... AGAIN

• It turns out that in nature, many objects are poorly-described by Euclidean geometry.
Examples include plant-like veins in mineral rocks, leaves of some fern and moss species,
and spirals of flowers.

• These objects are made up of many self-similar repeats at different levels of resolu-
tion. Thus, different levels of structural complexity arise according to the level of
magnification in use. Euclidean objects do not have this property.
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• The study of complex, self-similar objects constructed using simple rules (usually re-
currence relations) was popularised by the work of Benoit Mandelbrot through his work
Fractals: Form, Chance and Dimension (1977).

• Mandelbrot defined a set (known as the Mandelbrot set) of values on the complex plane

M = {c ∈ C : lim
n→∞

zn ̸= ∞},

where

z0 = c

zn+1 = z2n + c.

For example, c = 1 does not belong to M , but c = i does. By plotting the Mandelbrot
set, it can be seen that the edges of the Mandelbrot set exhibit a kind of self-similar
structure at different levels of resolution. The latter are referred to as fractals.

• Fractal geometrical objects do not exhibit integer dimensions. They also have a strange
property: although the perimeter appears to be finite, it is actually not. This gives rise
to the “coastline paradox”, where attempts by surveyors to estimate the length of a
country’s coastline are futile. There is no single correct answer because the perimeter
will keep on increasing according to the level of precision used when measuring.

• As an example, consider a fractal object known as Koch’s snowflake (sketch below). We
can use calculus to show that the perimeter of this snowflake is infinite, even though
its area is finite. Is it not counter-intuitve that a finite area can be bounded by a
perimeter that is infinite?
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