
SHES 2303 MATHEMATICS IN BIOLOGY

1 The Mean Value Theorem

Up to this point, we have studied how to find the derivative of a given function. In much
of applied work, we often do not know what mathematical function provides an adequate
description of a physical phenomenon. However, if we can give a reasonable description
of the latter in the form of a derivative, then it is possible to work backwards to obtain
the function of interest. To see how we can do this, we start with Rolle’s Theorem.

THEOREM 1 (TC). Suppose that f(x) is continuous at every point of [a, b], and differ-
entiable in the interval (a, b). If f(a) = f(b) = 0, then there exists a number c in (a, b)
such that f ′(c) = 0.

PROOF. If f(a) = f(b) = 0, then f(x) is either the flat line f(x) = 0, or it has to
increase and then decrease as x goes from a to b (and vice versa). For the first case,
f ′(x) = 0, so we are sure to find an interior point c where f ′(c) = 0. For the second
case, differentiability and continuity implies that at the critical point c, we must have
f ′(c) = 0. This completes the proof. ♣

Rolle’s Theorem helps us prove the Mean Value Theorem (MVT).

THEOREM 2 (TC). Consider a function f(x) that is continuous on a closed interval
[a, b] and differentiable on the interval’s interior (a, b). There exists at least one point c
in (a, b) such that

f(b)− f(a)

b− a
= f ′(c).

PROOF. Call the point at (a, f(a)) A, and the point at (b, f(b)) B. The slope of AB is
then

f(b)− f(a)

b− a
.

The straight line that passes through A and B is given by

g(x) = f(a) +
f(b)− f(a)

b− a
(x− a).

The vertical difference between f(x) and g(x) is given by

h(x) = f(x)− g(x) = f(x)− f(a)− f(b)− f(a)

b− a
(x− a).

Note that h(x) satisfies the hypotheses used in Rolle’s Theorem, since h(a) = h(b) = 0.
This means that there must be a point c in (a, b) such that h′(c) = 0.

1



Differentiating both sides with respect to x, we have

h′(x) = f ′(x)− g′(x) = f ′(x)− f(b)− f(a)

b− a
.

But h′(c) = 0 by Rolle’s Theorem, so we have

0 = f ′(c)− f(b)− f(a)

b− a
.

Rearranging terms completes the proof. ♣

The Mean Value Theorem leads to the following two Corollaries.

Corollary 1. If f ′(x) = 0 at each point of an interval, then f(x) = C for all x in this
interval, where C is a constant.

Corollary 2. If f ′(x) = g′(x) at each point of an interval, then there exists a constant C
such that f(x) = g(x) + C for all x in that interval.

The proof of these two results are left as exercises.

2 Differential Equations & Their Solutions

If we are given the derivative

f ′(x) = 2x2 − 3x = g′(x), x ≥ 0

what can we say about f(x)? We know that if g(x) = 2x3/3−3x2/2, then g′(x) is exactly
f ′(x). One possible solution to the differential equation f ′(x) is

f(x) =
2

3
x3 − 3

2
x2 + 1.

Without setting initial conditions, there is an infinite number of solutions. Suppose the
initial condition in this case is that f(0) = 3. Using the MVT, we solve for

f(0) =
2

3
(0)3 − 3

2
(0)2 + C = 3,

this gives C = 3, leading to the unique solution

f(x) =
2

3
x3 − 3

2
x2 + 3.
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EXAMPLE 1. If a function f(x) has derivative

f ′(x) =
1

x2
+ 2x,

and it passes through the point P(-1,1), find f(x).

SOLUTION. If we take g(x) = −1/x+ x2, then f ′(x) = g′(x). Therefore the solution is
given by

f(x) =
−1

x2
+ x2 + C.

Using information from P(-1,1),

f(−1) =
−1

(−1)2
+ (−1)2 + C = 1.

Therefore, C = 1. The required function is

f(x) = −1/x+ x2 + 1.

♣

EXAMPLE 2. Given that
f ′(x) = 2xex

2

,

and that f(0) =
√
2, find f(x).

We know that if g(x) = ex
2
, then g′(x) = f ′(x). Therefore, the solution is given by

f(x) = g(x) + C = ex
2

+ C.

Since f(0) =
√
2, we find that C =

√
2− 1. The required solution is then

f(x) = ex
2

+
√
2− 1.

♣

While useful, the present way of finding solutions to differential equations is rather
inefficient, since we need to identify a function g(x) that gives g′(x) = f ′(x). This may
not always be easy to do if one does not know a great deal about different types of
functions and their derivates. Later in this course, we will learn how to systematically
solve differential equations using integration techniques.

3



3 Modelling & Optimisation

Models are idealised and simplified versions of what we want to achieve in practice.
Frequently, we want to find parameters of the model that achieve some desired outcome,
such as using the least material to make, or producing the largest output. When we do
this, we say that we are optimising the process. Optimisation is a critical part of many
industrial processes because it is necessary for producing competitive products. When
dealing with probabilistic models in bioinformatics, researchers routinely optimise the
likelihood function to search for the parameter value that most likely explains a given
set of data.

EXAMPLE 3 (TC). A company wishes to produce an open-top box by cutting small
congruent squares from the corners of a 10cm × 10cm sheet of metal, and then bending
the sides up. If they want the box to hold as much as possible, how large should they
cut the square?

SOLUTION. Denote the side of the corner as x. The volume of the box is given by

V (x) = Height× Base Area = x(10− 2x)2.

To maximise the volume, we solve for dV/dx = 0;

x · 2(10− 2x)(−2) + (10− 2x)2 = 0

−4x(10− 2x) + (100− 40x+ 4x2) = 0

12x2 − 80x+ 100 = 0

4(3x2 − 20x+ 25) = 0

4(3x− 5)(x− 5) = 0

There are two solutions: x = 5/3 and x = 5. We can just replace these into V (x) to see
which is the maximum. However, in this case it is clear that x = 5 gives a minimum (a
box with 0 volume!), so the the maximum must be given by V (5/3). ♣

EXAMPLE 4. Having heard of the fame of the sage Malba Tahan*, the vizier of the
sultan of Samarkand invites him to court, and attempts to shame him. He tells Malba
that in Samarkand, all families are allowed to have only one daughter. The men of those
families who disobey the sultan’s commands are immediately drafted into the army and
sent to fight the Mongols. He then takes Malba to the market, points to a turban seller,
and asks,

“Oh wise Malba, whose fame precedes his name. If you are so wise as the
camel traders praise, as intelligent as the bards sing, tell me, how many
children does this man have?”
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Malba smiles, and says the turban seller,

“As surely as good things come in pairs, you, oh humble turban seller, must
have been blessed with a son and a daughter!”

With much surprise, the turban seller exclaims, “Verily, this man knows the secret arts
of clairvoyance!”.

EXPLANATION. Malba actually made an educated guess and won the day. Why did
he answer 2? According to the vizier’s information, the probability that the family size
is x is given by

π(x) = (1− p)x−1p,

where x = 1, 2, . . ., and p is the probability of getting a daughter. The derivative of π(x)
with respect to p is given by

dπ(x)

dp
= (1− p)x−1 − (x− 1)p(1− p)x−2 = (1− p)x−1

(
1− (x− 1)

p

1− p

)
.

The zero of dπ(x)/dp gives the solution

1

p
= x.

So if x is known, then p can be estimated using x. But Malba was interested in x, not
p. He therefore made a reasonable guess that p = 1/2 (boys are equally likely as girls),
which leads to x = 2. Later when you have studied infinite series, you will find that
x = 2 is the average size of families that are distributed according to π(x) (the geometric
distribution).

Remarks*: This example is inspired from the book “The Man who Counted”, by Malba
Tahan. The latter is a pseudonym of the Brazillian mathematician Júlio César de Mello
e Souza (1895-1974).

EXAMPLE 5. A furniture-maker can make 10 pieces of rosewood tables every working
day in the workshop. Each delivery of rosewood costs RM1000 per delivery, while the
storage of goods is RM10 per day per unit (rent). How should the furnitute-maker
manage his operations so that his average daily cost in the production cycle is minimised
between deliveries?

SOLUTION. Suppose he requests a delivery every x days. To make sure that he does
not run out of rosewood, he must order 10x rosewood per cycle. All finished goods are
stored together with the raw material, so the cost of delivery is

Cost per cycle = delivery costs + storage costs

= 1000 + 10x · x · 10 = 1000 + 100x2.
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The average cost per day is given by

c(x) =
1000

x
+ 100x.

To find the critical points, we solve the zero of the differential equation

c′(x) = −1000

x2
+ 100 = 0

The solution is given by x =
√
10 = 3.16 (we can ignore the negative solution), and

c(
√
10) ≈ RM 632. The furniture-maker should order a delivery approximately every 3

days.

Remarks: This problem can be generalised to yield the minimum daily cost

c

(√
d

rp

)
= 2
√
rpd,

where p is the furniture produced daily, r is the rent per unit per day, and d is the
delivery cost. Since the magnitude of d is the largest among these three parameters, it is
clearly seen here that significant increases in delivery costs (fuel and labour) will have the
highest impact on the final selling price of the furniture (apart from demand pressure,
taxes, etc.). ♣

EXAMPLE 6. In open areas such as the African savannah, many species of herbivores
have evolved the strategy of forming herds, which increases their probability of surviving
an attack from predators (note corresponding evolution of predators in forming hunting
packs). The size of the herd cannot be too large, however, because members require the
same resources, so an oversized group finds itself competing for scarce resources. We are
therefore interested in finding the optimum herd size that minimizes the risk function
(probability of dying relative to solitary herbivores). For preliminary analysis, we will
attempt an approximate solution by considering log of herd number x to be continuous.
A candidate model may look like this,

R(x) =
1

x2
− 1

2x
+ 1.

To minimize R(x), we solve for

R′(x) = − 2

x3
+

1

2x2
= 0.

The solution is given by x = 4, so R(4) = 0.9375. The optimal herd size for this model
is therefore e4 ≈ 55. ♣
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In general, the process of modelling and optimisation can be summarised as follows (TC).

(1) Understanding the problem.

(2) Develop a mathematical model to describe the problem. Make your assumptions
explicit.

(3) Determine the domain of the function; sketch the function.

(4) Identify the critical points and end points.

(5) Solve the mathematical model.

(6) Interpret your solution. If empirical data are available, check if they support your
model.
(7) If data do not support your model, go back to (1). Perhaps your assumptions were
wrong. Remember - all models are wrong, but some are useful!

KTF 2010/2011(2)
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