
SHGS 6212 LECTURE NOTES

WEEK 9: DISCRETE MARKOV MODELS (1)

PRELIMINARIES

• Random processes occuring on the (discrete) nucleotides in a DNA sequence are very
conveniently modelled using a class of model known as Markov chains.

• A Markov chain is a sequence of random variables X1, X2, . . . , Xn+1 satisfying the
Markov property: that the probability of obtaining a particular state in the imme-
diate future given the history of previous states since beginning, depends only on the
present state, i.e.

P (Xn+1 = xn+1|X1 = x1, X2 = x2, . . . , Xn = xn) = P (Xn+1 = xn+1|Xn = xn).

• The sample space of the discrete random variable Xi consists of states (e.g. A, G, C,
T if Xi is a nucleotide). The set of all possible outcomes of a Markov chain is called
the state space. For example, if we model a DNA of length n using a Markov model,
then the state space contains 4n elements.

• An example of Markov chain in bioinformatics: Finding the probability of a DNA of
length n, where the probability of a nucleotide at one site depends on the nucleotide
of the neighbouring site preceding it. In an independent-sites model, all 4n states have
equal probability; in a Markov model, some are more likely than others. This is useful
for modelling CpG islands.

• Another example: A random walk on the set of integers, starting at 0 and making
+1 or -1 moves in each step, with probability p and 1 − p, respectively. The position
reached in the next step depends only on the present step, and not the way (history)
the present step is reached.

THE CLASSICAL DISCRETE MARKOV MODEL

• Consider a DNA sequence of length n, x = x1x2 · · · xn. The probability of this sequence
under any model of sequences is given by

P (x) = P (x1x2 · · · xn)

= P (xn|xn−1 · · · x1)P (xn−1|xn−2 · · · x1) · · ·P (x1),

by repeatedly using the relation P (A,B) = P (A|B)P (B). For an independent-sites
model, we have

P (x) =
n∏

i=1

P (xi).
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For a Markov model, the Markov property implies the simplification

P (x) = P (xn|xn−1)P (xn−1|xn−2) · · ·P (x2|x1)P (x1)

= P (x1)
n∏

i=2

P (xi|xi−1).

• The probabilities of all possible types of state changes in the immediate future, given
the present state, are given by the transition probability matrix,

P =


1/2 1/4 1/8 1/8
1/4 1/2 1/8 1/8
1/8 1/8 1/2 1/4
1/8 1/8 1/4 1/2


The conditioning random variable is given by the rows (in the order: A, G, C, T), and
the outcome in the immediate futute the columns. For example, entry (1,1) corresponds
to P (Xi = A|Xi−1 = A); and entry (2,3) gives P (Xi = C|Xi−1 = G), for all i =
2, . . . , n. The matrix P is called a stochastic matrix because its rows sum to 1, which
must be the case since given any state in the present, it is certain that this state will
change or remain the same in the immediate future.

• A Markov chain for nucleotide substitution can be represented as a graph (draw in
empty space below)

• Sample calculation: suppose all nucleotides are equally likely. Let us calculate the
probability of the sequence TAA using the matrix P given above,

P (TAG) = P (G|A)P (A|T )P (T ) =
1

4
× 1

8
× 1

4
=

1

128
.

• Markov models are useful for modelling the evolution of DNA sequences. Consider a
single nucleotide in the ancestral generation. If nucleotide substitution probabilities in
each generation is given by P, we can ask the following questions:
1) Given that this nucleotide is A, what is the probability that it has changed to T in
the 3rd generation?
2) What is the probability that the nucleotide is G in the 5th generation?
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• To answer the first question, we need to find

P (X3 = T|X1 = A).

The fastest way to do so is to find the matrix P2, and then look for entry (1,4). Note
that the power of P depends on the number of steps separating the conditioning state
and the desired state; in this case it is 3-1 = 2. For low powers, we can do matrix
multiplication by hand, and obtain

P2 =


11/32 9/32 6/32 6/32
9/32 11/32 6/32 6/32
6/32 6/32 11/32 9/32
6/32 6/32 9/32 11/32

 .

The required probability is therefore 6/32 = 3/16. In general, for higher power matri-
ces, we use R to perform the necessary calculations.

• To answer the second question, we need to find

P (X5 = G).

Since the ancestral sequence is unknown, we need to average over all four possible bases
using suitable weights. This weight (in the ancestral generation) is given by

π(0) = (pA, pG, pC, pT),

where pi are the nucleotide proportions. The required answer can be found by looking
at the second entry of the row vector

π(0)P5.

This is hard to do by hand, so we ask R to do it. Using

π(0) = (1/4, 1/4, 1/4, 1/4),

the result is
π(0)P5 = (0.25, 0.25, 0.25, 0.25),

so P (X5 = G) = 0.25.
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• Occasionally, we may wish to model the beginning and end of sequence of interest
(length n). Let x0 = B be the state before the first base, and E indicates a stopping
event. Thus, our sequence of interest is

x = Bx1x2 · · · xnE .

Therefore, the probability that that the first base is x1 is

P (x1) = P (x1|B);

and the probability of of ending with xn is

P (E|xn).

• The probability of that our sequence starts with B and ends at xn is therefore given
by

P (x) = P (x1|B)
n∏

i=2

P (xi|xi−1)P (E|xn).

KTF 2010/2011(2)
4


