
SHGS 6212 LECTURE NOTES

WEEK 12: THE MAXIMUM LIKELIHOOD METHOD
FOR CONSTRUCTING PHYLOGENETIC TREES

FELSENSTEIN’S PRUNING ALGORITHM

• Consider the same example of constructing a tree for three species (see last week’s
notes). The likelihood of the data at one site, given a tree topology and the branch
lengths is

P (x1, x2, x3|T, t) =
∑
r

∑
a

P (x1|a, T, t)P (x2|a, T, t)P (a|r, T, t)P (x3|r, T, t)P (r). (1)

• In general, a bifurcating tree with n species (leaves) has n − 1 internal nodes. For
each node, we need to make four computations for the likelihood. In the above exam-
ple, we need to make 42 computations. A tree that has 10 species therefore requires
49 = 262144 computations; if the sequence length is 1000 base pairs, then assuming in-
dependence of sites, we need a staggering 2 62 144 000 (about 2.6 billion) computations.
This will definitely slow things down a lot.

• Felsenstein (1981) proposed an algorithm that makes likelihood computations efficient,
thus allowing further progress in the study of phylogenetic relations using a maximum
likelihood approach. This “pruning” algorithm works as follows. First, we note that
equation (1) can be rewritten as

P (x1, x2, x3|T, t) =
∑
r

P (r)P (x3|r, T, t)

(∑
a

P (x1|a, T, t)P (x2|a, T, t)P (a|r, T, t)

)
.

(2)
The first part (summation over r) concerns the likelihood related to the right (or left,
depending on how you draw the tree) side of the tree connected to the node r (a
subtree); the second part (summation over a) concerns the likelihood of the subtree to
the left node r (sketch a diagram to see this).
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• Equation (2) is the basis for the following algorithm. First, we introduce the notation
Lk(s), which is the (conditional) likelihood of a subtree with node k and state s.
Suppose the node k has two immediate descendants l and m, with branch lengths tl
and tm respectively (draw). Since we assume that the lineages evolve independently,
the likelihood of the subtree with node k is therefore

Lk(s) =

(∑
x

P (x|s, tl)Ll(x)

)(∑
y

P (y|s, tl)Lm(y)

)
.

By moving from the leaves of the tree to the root, we can then compute the required
likelihood quickly.

• As an example, we will use the pruning algorithm to calculate the likelihood of a tree
with observed sequence ({A,A}, T ). Label the leaves 1,2,3; the internal node joining
1 and 2 is 4, and the root is labelled 5. We begin at the node that has all immediate
descendants as tips. This gives

L4(s) =

(∑
x

P (x|s, t1)L1(x)

)(∑
y

P (y|s, t2)L2(y)

)
.

Since L1(x) is the tip itself, we let L1(x) = 1 if x = A, and similarly for the other
nucleotides. This leads to

L4(s) = P (A|s, t1)P (A|s, t2).

Next, we compute L5(s) as

L5(s) =

(∑
x

P (x|s, t4)L4(x)

)(∑
y

P (y|s, t3)L3(y)

)
,

which gives us

L5(s) =

(∑
x

P (x|s, t4)L4(x)

)
P (T |s, t3).

The final likelihood is computed by weighing L5(s) with the nucleotide proportions,

L =
∑
x

πxL5(x).
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• To be concrete, let us use the Jukes-Cantor model for DNA evolution. Its transition
probability matrix is given by

P =


1
4
(1− 3e−4αt) 1

4
(1 + e−4αt) 1

4
(1 + e−4αt) 1

4
(1 + e−4αt)

1
4
(1 + e−4αt) 1

4
(1− 3e−4αt) 1

4
(1 + e−4αt) 1

4
(1 + e−4αt)

1
4
(1 + e−4αt) 1

4
(1 + e−4αt) 1

4
(1− 3e−4αt) 1

4
(1 + e−4αt)

1
4
(1 + e−4αt) 1

4
(1 + e−4αt) 1

4
(1 + e−4αt) 1

4
(1− 3e−4αt)


We have

L4(A) = P (A|A, t1)P (A|A, t2) =
1

16
(1− 3e−4αt1)(1− 3e−4αt2)

L4(G) = P (A|G, t1)P (A|G, t2) =
1

16
(1 + e−4αt1)(1 + e−4αt2)

L4(C) = P (A|C, t1)P (A|C, t2) =
1

16
(1 + e−4αt1)(1 + e−4αt2)

L4(T ) = P (A|T, t1)P (A|T, t2) =
1

16
(1 + e−4αt1)(1 + e−4αt2)

For L5(s), we have

L5(A) = {P (A|A, t4)L4(A) + P (G|A, t4)L4(G) + P (C|A, t4)L4(C) + P (T |A, t4)L4(T )}P (T |A, t3)

L5(G) = {P (A|G, t4)L4(A) + P (G|G, t4)L4(G) + P (C|G, t4)L4(C) + P (T |G, t4)L4(T )}P (T |G, t3)

L5(C) = {P (A|C, t4)L4(A) + P (G|C, t4)L4(G) + P (C|C, t4)L4(C) + P (T |C, t4)L4(T )}P (T |C, t3)
L5(T ) = {P (A|T, t4)L4(A) + P (G|T, t4)L4(G) + P (C|T, t4)L4(C) + P (T |T, t4)L4(T )}P (T |T, t3)

Since the nucleotide proportions are equal at stationarity, the final likelihood for this
site is

L =
1

4
{L5(A) + L5(G) + L5(C) + L5(T )}.

• The pruning algorithm provides an efficient way of calculating likelihoods. In general,
for a sequence of K sites, the likelihood is given by the product of all likelihood of the
single sites (assuming site independence). To maximise the branch lengths and α, we
generally need to use numerical methods. The final maximum likelihood tree contains
the topology and branch lengths that maximise the loglikelihood of L.
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USING PHYLIP TO INFER MAXIMUM LIKELIHOOD TREES

• Maximum likelihood trees can be inferred using Joseph Felsenstein’s PHYLIP (Phy-
logeny Inference Package) computer package. You can download the software from
http://evolution.genetics.washington.edu/phylip.html. A helpful guide to us-
ing PHYLIP is available from Jarno Tuimala (http://koti.mbnet.fi/tuimala/oppaat
/phylip2.pdf).

• The program “Dnaml” in the PHYLIP package infers ML trees without a molecular
clock assumption; while “Dnamlk” assumes the latter. There are also other tree-
building programs based on parsimony and distance methods. The user can specify
the transition to transversion ratio, as well as indicate whether different sites evolve
according to different rates under a Hidden Markov Model approach. Clearly this is
an improvement to a more realistic model of evolution. Note that trees built under
assumption of reversibility are unrooted.

• As an exercise, we will use PHYLIP to build a ML tree for five primate species and an
“outgroup” species (one that is clearly different from the rest): Homo sapiens, Pongo
pygmaeus, Pan troglodytes, Gorilla gorilla, Hylobates lar and Felis catus, using the
ATP6 gene in the mitochondrial genome.

• You will receive the file six.species.atp6.phy, which contains aligned sequences of
the six species obtained using CLUSTALX2. We will cover sequence alignment in next
week’s lecture. The phy extension is a requirement for input files that are to be used
in PHYLIP. In general, you will need to prepare such files on your own.

• If you are working with your own sequences, you can prepare them in NBRF format
for reading in CLUSTALX2; if the sequences are already available in a public database
(such as NCBI), download them in an appropriate format for CLUSTALX2. A list of
formats for sequences can be found at http://www.ebi.ac.uk/help/formats.html.
You can convert your sequence format online too at http://searchlauncher.bcm.tmc.

edu/seq-util/Options/readseq.html.
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