
SHGS 6212 LECTURE NOTES

WEEK 11: NUCLEOTIDE SUBSTITUTION MODELS

Preliminaries

• Studies of molecular variation have revealed that closely related species (as judged
from morphology or ecological behaviour) are highly similar at homologous sites. For
distantly related species, the converse is true.

• This observation is consistent with the phylogenetic origin of species, that is, all present
species are descended from an ancestral species through the process of mutation. The
latter may include such diverse processes as nucleotide substitutions, insertions, dele-
tions, inversions, and duplications.

• This finding is important because we do not need to invoke independent, separate
origins for each species. It is untrue that species are immutable (“created” and un-
changed). From the fossil records, we know that many species that lived a long time
ago have become extinct; and a million years from now, the present species may no
longer be recognisable. Only a few species remain morphologically similar to their an-
cestors found in the fossil record (for example, the horse shoe crab and the giant ferns).
Even then, the physiology may be vastly different, although this cannot be verified as
physiology cannot be preserved as fossils.

• An understanding of phylogenies is essential for medical science. It appears that many
of the genes responsible for onset of cancer evolved early in the history of life on earth
(Domazet-Loso and Tautz, 2008). This finding corroborates with recent discovery that
the zebrafish can be used as a model orgnasim for studying cancer; virtually all human
cancers can be induced in the zebrafish, thus providing a great tool for cancer research.

DNA Evolution Models

• Nucleotide substitutions can be thought of as a proxy for measuring time since the
divergence of two species. If they occur at neutral genes at a constant rates, then
we can (approximately) estimate when two species shared a common ancestor. This
is known as the molecular clock hypothesis. Although this may be true for some
genes, in general it has been found that two related species may nevertheless experience
quite variable rates of substitutions since the time of divergence. An additional problem
is that phylogenetic trees constructed on the basis of gene comparisons are just gene
trees, and not the species tree, as one hopes to obtain.

• To study the phylogeny of species it is essential to construct a model of DNA evolution.
In this course we will look at three models that have been used by researchers. More
sophisticated models are available though.
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• For DNA evolution models we generally make the following assumptions:
1. Stationarity : the vector of nucleotide proportions is related to the rate matrix
(see below) as

π = πQ.

2. Reversibility : assuming stationarity, the amount of change from one nucleotide
to the another is the same in both directions,

πiQij = πjQji.

• The Jukes-Cantor (JC) model: Let us consider neutral genes (i.e. genes not under
selection). The simplest model for describing the rate of substitutions between the
four nucleotides was first proposed by Jukes and Cantor in 1969. A nucleotide is
allowed to evolve to any other nucleotide at the same rate α in the JC model. The
rate matrix is given by

Q =


−3α α α α
α −3α α α
α α −3α α
α α α −3α


The diagonal values are chosen such that each row sums to 0. Note that this is not the
transition probability matrix. From this rate matrix, we can calculate the transition
probabilities using matrix exponentiation. These are given by

P (i|i) =
1

4

(
1 + 3e−4αt

)
;

P (i|j) =
1

4

(
1 + e−4αt

)
; i ̸= j

where i and j are nucleotides. The stationary nucleotide proportions can be shown to
be

π = (1/4, 1/4, 1/4, 1/4).

• The Kimura model: In 1980, Kimura proposed a more realistic model of DNA evolution
by assigning different rates to transitions (α) and transversions (β). The rate matrix
is given by

Q =


−(α + 2β) α β β

α −(α + 2β) β β
β β −(α + 2β) α
β β α −(α + 2β)


• The stationary nucleotide proportions are the same as in the JC model. Thus, despite
making allowances for transition and transversion, this model is still inadequate if the
organism studied has unbalanced AT and GC ratio.
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• The transition probabilities are given by

P (i|j) =
1

4

(
1 + e−4αt

)
; for transitions

P (i′|j′) =
1

4

(
1 + e−4αt − 2e−2(α+β)t

)
; for transversions

P (i|i) = 1− 2P (i|j)− P (i′|j′).

• The HKY model: To overcome deficiencies in the Kimura model, Hasegawa, Kishino
and Yano proposed a more general model (1985) which allows unequal nucleotide pro-
portions at stationarity. The rate matrix is given by

Q =


−πA(α + 2β) πAα πAβ πAβ

πGα −πG(α + 2β) πGβ πGβ
πCβ πCβ −πC(α + 2β) πCα
πTβ πTβ πTα −πT (α + 2β)


• The transition probabilities become rather complicated at this point so we will skip
them. By allowing the stationary nucleotide proportions to be unequal, the HKY
model removes the somewhat artificial constraint that nucleotide proportions have to
be equal at stationarity.

Probabilistic Approach to Phylogeny

• When we examine pairwise differences at homologous sequences between species, closely
related species tend to show little variation, while more distantly related ones show
large variation. Under an evolutionary framework, we seek to describe the evolutionary
relation of these species by constructing a tree.

• There are several schools of thought on how to best contruct the phylogeny of species
on the basis of molecular variation. The probabilistic approach takes the view that the
best tree is the one that gives the highest likelihood P (data|tree). A Bayesian, on the
other hand, would use the posterior probability P (tree|data).

• Let us consider a simple rooted tree with three leaves (x1, x2, x3), a root node r, and
an internal node a (sketch the tree). The leaves represent species from which sequence
data are available. The internal node represents the ancestral species. There are three
possible arrangements:({x1, x2}, x3), ({x1, x3}, x2), ({x2, x3}, x1). Our goal is to find
out which one has the highest likelihood and take this tree as a good guess of the
phylogeny of the three species.
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• There are three important parameters of the model: the tree topology, the tree lengths,
and the DNA evolution model used to describe the nucleotide substitution process. The
probability of observing x1, x2, x3, a, r given the topology T = ({x1, x2}, x3) and branch
lengths t = {t1, t2, t3, ta} is

P (x1, x2, x3, a, r|T, t) = P (x1|a, T, t)P (x2|a, T, t)P (a|r, T, t)P (t3|r, T, t)P (r).

Since we do not observe a and r, we need to consider all possible cases. This means
that

P (x1, x2, x3|T, t) =
∑
r

∑
a

P (x1|a, T, t)P (x2|a, T, t)P (a|r, T, t)P (t3|r, T, t)P (r).

If the number of species is small, we can compute the probabilities for all possible
tree topologies and length, and then pick the one with the largest. Unfortunately, a
brute force search is only possible with small number of species. The tree space grows
exponentially for large numbers of species, so more efficient search methods are needed.

• As an exercise, we will compute the likelihood of the following two aligned sequences

CCGGCCGCGCG

CGGGCCGGCCG

under the JC model.
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