
SHGS 6212 LECTURE NOTES

WEEK 1: BASIC CONCEPTS IN PROBABILITY THEORY

PRELIMINARIES

• Before we can discuss what probability is, we must first define the sample space (Ω)
of an experiment, which is the set of all possible outcomes. Some examples:

1. {A,G,C, T} for a DNA sequence of length 1.
2. {AA, Aa, aA, aa} for the genotype of a single locus with two alleles (A and a).
3. [0,1] for the allele frequency of a locus.

Question: What is the state space when the DNA sequence is of length 3 in Ex-
ample 1, and when the number of alleles is n in Example 2?

• An event E is a set of the possible outcomes that can be assigned a value in [0,1]; the
latter value is called the probability of E, commonly written as P (E).

• Three axioms of probability:
1. For any event E, P (E) ≥ 0.
2. If {E1, E2, . . . , Ek} is a countable collection of pairwise disjoint sets, then

P (
k⋃

i=1

Ei) =
k∑

i=1

P (Ei).

3. P (Ω) = 1.

• These three axioms imply the following:
1. P (E) ≤ 1.
2. P (∅) = 0.
3. P (E) = 1− P (Ec).
4. P (E1 ∪ E2) = P (E1) + P (E2)− P (E1 ∩ E2).
5. E ⊆ F =⇒ P (E) + P (F E) = P (F ).Therefore, P (F ) ≥ P (E).

• Some examples of events:
1. E = {A,G} for a DNA sequence of length 1.
2. E = {AA, aa} for the genotype of a single locus with two alleles (A and a).
3. E = p ∈ (0.5, 0.6).
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• P (E) often follows from assumptions that we make about a particular experiment. For
example, if we assume all nucleotides to be equally likely to occur, then

P (A) = P (G) = P (C) = P (T ) = 1/4.

Intuitively, we can also understand P (E) as the proportion of times event E occurs if
an experiment is repeated under similar conditions for a large number of times.

• Some examples of probability statements:

1. Purines are twice as likely as pyrimidines to occur at a site, therefore

P (purine) = 2/3.

2. If the allele frequency p is equally likely to take any value in [0,1], then

P (0.1 < p < 0.5) = 0.4.

• We use probability as a basis for rational action. For example, if the probability of
raining in December is 0.8, we should really consider carrying an umbrella when we go
out. Another good example is gambling. Since the chance of winning the first prize in
a four-digit bet is 1/10000, our money is really safer if we keep it in our own pockets.

INDEPENDENCE

• Two events E1 and E2 are said to be independent if and only if

P (E1 ∩ E2) = P (E1)× P (E2).

Thus, for k independent events, we have

P (
k⋂

i=1

Ei) =
k∏

i=1

P (Ei).

Intuitively, independence means that the probability of E1 occurring does not depend
on whether E2 has occurred or not. An example:

In diploids, the allele frequencies of a locus at one chromosome are independent of
those of another locus at a nonhomologous chromosome as a result of Mendel’s Sec-
ond Law (independent assortment). However, the allele frequencies of two loci that
are located in the same chromosome are correlated because of genetic linkage. This
nonindependence is the basis for mapping loci that are responsible for genetic diseases.
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CONDITIONING

• Quite often, we may be interested in considering just a subset of the natural sample
space as the sample space of interest. For example, if A is a dominant allele, we may ask
what is the probability that a person has the AA genotype if we already know that this
person has the A phenotype. Clearly, the sample space is now the set {AA,Aa, aA},
instead of {AA,Aa, aA, aa}.

• The conditional probability of E1, given E2 has occurred, is written as

P (E1|E2) =
P (E1 ∩ E2)

P (E2)
.

Question: What happens if E1 and E2 are independent?

• Example 1: Suppose all codons are equally abundant. The probability of getting the
CCC codon is 1/64. However, if we already know that our codon codes for proline,
then the sample space of interest shrinks to {CCU,CCA,CCC,CCG}. Intuitively
then, P (CCC|proline) = 1/4. More formally,

P (CCC|proline) =
P (CCC ∩ proline)

P (proline)

=
P (CCC)

P ({CCU,CCA,CCC,CCG})

=
1/64

1/64 + 1/64 + 1/64 + 1/64

= 1/4.

• Example 2: Within the same chemical group, there are more similarities compared to
between groups. Thus, it is reasonable to suppose that a purine at a site is more likely
to be substituted by another purine, instead of a pyrimidine. In terms of conditional
probability, we can express this as

P (pu|pu) = 0.75

P (py|pu) = 0.25

• A more sophisticated form of conditioning is the Bayes theorem, which states that

P (E1|E2) =
P (E2|E1)P (E1)

P (E2)

=
P (E2|E1)P (E1)

P (E2|E1)P (E1) + P (E2|Ec
1)P (Ec

1)

Exercise: Convince yourself that this is true.
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• The order of conditioning is important - in general, P (E1|E2) 6= P (E2|E1) except when
P (E1) = P (E2).

• An example: DNA evidence is now routinely admitted as legal evidence in many
countries. Its justification is based on conditional probability. Specifically, we are
interested in knowing the following: if a match between the DNA profile of the suspect
and the evidence occurs, what is the probability that the suspect is guilty? Let M be
the event of a match, and G, I are the guilty and innocent status, respectively. By the
Bayes Theorem:

P (G|M) =
P (M |G)P (G)

P (M |G)P (G) + P (M |I)P (I)
.

We may reasonably assume that P (M |G) = 1. To be generous to the criminal, we
suppose that everyone in the population is equally likely to be guilty. For a population
size of N , this means P (G) = 1/N . If we choose a set of DNA markers that are
sufficiently polymorphic, then P (M |I) will be very small, say ε. Thus,

P (G|M) =
1/N × 1

1/N × 1 + ε(1− 1/N)

=
1

1 + ε(N − 1)

If ε = 10−9, and N = 106, then P (G|M) ≈ 0.999.

Question: What if ε = 10−6? Can the evidence still be accepted in court?

Note: the preceding example assumes that the evidence has not been deliberately
planted by a third party.
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